Abstract -A second-harmonic DC current ripple compensation technique is presented for a multi-phase, fault-tolerant, permanent magnet machine. The analysis has been undertaken in a general manner for any pair of phases in operation with the remaining phases inactive. The compensation technique determines the required AC currents in the machine to eliminate the second-harmonic DC-link current, whilst at the same time minimising the total rms current in the windings. An additional benefit of the compensation technique is a reduction in the magnitude of the electromagnetic torque ripple. Practical results are included from a 70kW, five-phase generator system to validate the analysis and illustrate the performance of the compensation technique. Angle of v s1,2 with respect to e 1,2 θ 1, 2 Angle of i s1,2 with respect to e 1,2
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DC Current Ripple Compensation for MultiPhase Fault-Tolerant Machines
Introduction
Multi-phase, fault-tolerant permanent magnet machines are under consideration for a range of high reliability aerospace applications such as electric actuation, fuel pumping and engineembedded power generation. To provide fault tolerance these machines are designed with a high phase count, such as five [1] , for redundancy, a high per-phase impedance, often 1p.u. [2] to limit the fault current, and with mechanical, thermal and electrical isolation between the phases [3] .
These features enable the machine to operate with a reduced number of active phases when the other phases are in either a short or open circuit fault condition. The fault-tolerance of the system is maintained in the power electronic interface between the variable amplitude/frequency phase voltages and the common DC bus by the use of separate PWM converters [3, 4] and independent controllers [5] . Five or sometimes six-phase systems [3] are considered to offer the most costeffective compromise between redundancy and complexity for fault-tolerant aerospace applications.
Research in this area has considered the design options for the machine itself, and the behaviour of the machine under various fault-conditions including shorted turns or windings [6, 7] . Fault-tolerant configurations for the power electronic interface have also been described [8, 9] along with fault detection and fault accommodation techniques [2, 10] . Under many fault conditions, with a reduced number of active phases, the machine becomes unbalanced, resulting in a large torque ripple and a significant low frequency ripple current (usually a secondharmonic) in the DC-link. Several authors [11, 12] have proposed methods to eliminate the torque ripple under faulted conditions, which involve appropriate adjustment of the AC currents in the remaining healthy phases. However these techniques do not normally result in smooth DC-link power due to the energy stored in the magnetic field of the machine, which is substantial in a fault-tolerant machine. Low frequency DC-link ripple current is a serious concern, especially in aerospace applications, since a much larger capacitor bank would be required, creating a significant weight penalty, especially if high-reliability, non-electrolytic components are used.
This paper provides a detailed examination of the DC-link current in a fault-tolerant generator when only two-phases are active. This represents the most severely unbalanced condition under which it is possible to compensate for the DC-link ripple current using the available active phases. The two-phase case is also relatively straight-forward to analyse, providing valuable insight into the system operation. Analytical expressions are determined for the DC-side secondharmonic current without compensation, which are then used to determine the AC-side conditions that are necessary to eliminate the DC ripple. The optimal reactive power is determined to minimise the rms current as this is likely to result in minimum losses. Steady-state test-rig data from a five-phase generator is used to validate the performance of the compensation technique. Although this work is based on a generator, the analysis and techniques are equally applicable to a fault-tolerant motor drive with a common DC-link.
Analysis of Generic Two-Phase System
The simplified equivalent circuit in Fig. 1 shows two-phases of a multi-phase, fault-tolerant, machine system operating from a common DC-link. The phase windings are electrically isolated, and separate, single-phase PWM converters interface the windings to the DC-link. Under normal, balanced operating conditions the second-harmonic DC-side currents of the PWM converters will cancel, minimising the ripple current in the DC-link capacitor, but with a reduced number of active phases the ripple cancellation will be incomplete. This is analysed below when only two-phases of a five-phase system are active. In Fig. 1 
Multiplying v s1(1) by i s1 to obtain the instantaneous power throughput then dividing by V DC results in the expression for the total DC-side current, i o1 . There are two components to i o1 , a DC component and a second-harmonic component, i C1 (2) , which is assumed to flow in the DC-link capacitor. The expression for i C1 (2) is: 
The expressions for the second-harmonic currents (2, 3) have two components, the first is due to the pulsating power flow from the back emfs, e 1,2 , whilst the second is due to the pulsation in stored energy in the magnetic field of the machine. This second term is significant here due to the high winding inductance in a fault-tolerant machine.
Adding i C1 (2) and i C2 (2) , and assuming balanced phases, E 1 =E 2 =E, results in an expression for the total second-harmonic current in the DC-link capacitor, i C (2) . For simplicity the result is expressed as a second-harmonic complex phasor: Although the derivation has been undertaken for two active phases, the analysis is generic and can be extended to a machine with a higher phase order.
Elimination of Second-Harmonic DC-Side Current
To obtain the condition for zero second-harmonic capacitor current, i C(2) , (4), is equated to zero.
An additional equation is required to allow an explicit solution for i s1 and i s2 and this may be obtained by considering the total complex power S associated with the machine internal emfs:
ii (5) where P and Q are the total active and reactive powers of the internal machine emf sources and the superscript star denotes the complex conjugate. P represents the energy input to the electrical machine and Q is the energy stored within the magnetic field of the electrical machine.
Rearranging (5) to express i s2 in terms of S, and i s1 ,
ii (6) Substituting (6) into (4) to eliminate i s2 , setting i C(2) =0, and then rearranging into a quadratic equation for i s1 results in:
where () 
Each set results in zero second-harmonic capacitor current i C(2) =0. However, it is found that Set 1 produces much higher machine currents than Set 2, and so the Set 1 solution is not considered further in this paper. For Set 2, it has been observed that for adjacent phases the i s2 solution has the larger magnitude, whereas for non-adjacent phases active, i s1 is the larger solution.
Optimal Solution
In solving for the generator currents, (12) , the real part of the total complex power S in (5) is set by the load requirements and the reactive component may be selected to optimise the system operating conditions, for example to minimise the system losses. Setting the total reactive power, Q, to zero would intuitively be the best choice, however it is shown in this section that to minimise the total generator rms current, the optimum value of Q is close to, but not equal to zero. The extent to which the optimum condition is degraded by setting Q=0 is also qualified.
Standard multi-objective optimisation routines, such as the downhill simplex method, can be used to determine the optimal Q that, for example, gives the minimum value of the total generator rms current for a specific load and speed since this is likely to result in minimum overall losses.
However, due to their high computational requirements these routines are unsuitable for use in a real-time controller. Therefore, an approximate analytical result is derived for the optimum Q by assuming that the solution is in the region of Q=0, enabling a Taylor series expansion to be used to simplify the expressions for i s1 and i s2 , (12) . In particular, the square root in these equations is 
The optimal generator reactive power value, Q opt , which results in the minimum sum of Table 1 , and assumed an electrical frequency of 233.33Hz corresponding to a rotational speed of 1000rpm. The correlation between the analytical results, dashed lines in Fig. 3 , and the results from the simplex method, solid lines in Fig. 3 , are very close for adjacent phases α=72, Fig. 3 .a, but a little less accurate for the non-adjacent phases α=144, Fig. 3 .b, especially at higher speeds, the predicted values from (18) being slightly higher than the results from the simplex method. This was attributed to the much larger values of Q opt when non-adjacent phases are active, breaking the assumption of a solution for Q close to zero. The solution accuracy could be increased by taking more terms in the Taylor series. The approximation used, (18), was considered to be a good compromise between complexity and accuracy. RE calculated using (19) is given in Fig. 4 at different values of generator output power and speed for adjacent (α=72), Fig. 4 .a, and non-adjacent (α=144), Fig. 4 .b, phases. It can be seen in Fig. 4 that the RE is negligible, less than 0.02% for adjacent phases, and no more than 1.1% for non-adjacent phases. Therefore the assumption that Q=0 results approximately in minimum system resistive losses is considered to be valid.
System Characteristics and Torque Ripple
The impact of the compensation technique on the phase currents, i s1,2 , is depicted in Figs. 5 and 6 using the parameters of the prototype generator listed in Table 1 across the full power range at the base speed of 1000rpm. The magnitudes, I s1,2 , and angles, θ 1,2 , of the phase currents were calculated using (12) for both adjacent (α=72) and non-adjacent (α=144) phases active with zero total reactive power in (10) . The plots also show in solid lines I s and θ of the phase currents assuming identical conditions in both active phases; the phase angle is zero since this minimises the machine currents. When the system is compensated to eliminate the second-harmonic DC current ripple, I s and θ become different; with one current becoming larger than the balanced condition value. The difference between the current amplitudes is greater for non-adjacent phases active. The effect of this is to increase one of the phase currents beyond the normal rated level (116A pk for this machine) at higher powers. This may be permissible depending on the thermal design of the machine. At higher operating speeds the phase currents will tend to be smaller for a particular output power due to the larger value of the back emfs, consequently the modified phase currents will be more easily accommodated within the normal rating of the machine. However at very high speeds the modulation limit of the power converter will be reached, which may restrict the system's ability to establish the optimum phase currents in the machine windings.
Torque Ripple
The impact of the second-harmonic DC-side current ripple elimination technique on the torque ripple can be investigated analytically, using (20), which is derived assuming that the mechanical power is equal to the electrical power. 
Validation
The analytical expressions for the second-harmonic DC-link current with and without the compensation technique have been validated using a combination of steady-state measurements from a 70kW, five-phase prototype generator and a detailed switched simulation. The system parameters are listed in Table 1 . The tests were performed by calculating, off-line, the stator current, i s , for a given speed, load power and DC-link voltage using (12) . The corresponding values of the modulation indices, m 1,2 , and the angles of the PWM voltages,  1,2 , were calculated from the equivalent circuit in Fig. 1 , then programmed into the control system.
In the switched simulation the machine phases were modelled as sinusoidal back emfs with series inductance and resistance. The PWM converters were modelled with ideal switches which operated at 10kHz with sinusoidal PWM and 2s dead-time. (2) b. with compensation Figure 8 . Capacitor current amplitude, I C (2) , versus P at 500rpm and 1000rpm
In all cases there is close correspondence between the predictions, simulation and measurement. The errors are of the order of 10% and the predicted values are always slightly greater than the experimental data and simulation results. The discrepancies were attributed to the effects of system losses and the leg dead-time in the power converter, which were not included in the theoretical analysis. As expected the second-harmonic current is much greater for the case of non-adjacent phases active. Fig. 8.b. shows the results for the second-harmonic capacitor current amplitude with the operating conditions calculated using (12) to eliminate, theoretically, the capacitor ripple current.
The value of Q was set to zero in (10). The results are again shown for the cases of adjacent, α=72, and non-adjacent phases, α=144, at two machine speeds, 500rpm and 1000rpm; for clarity the results are plotted using a finer y-axis scale.
The theoretical values for the second-harmonic current are all zero, however the simulation and experimental results show a significant residual current level. Nevertheless, comparing Fig. 8 .b.
with the uncompensated case in Fig. 8 .a. the capacitor current is substantially reduced, by a factor of between two and five. Larger reductions are obtained at higher current levels. The non-zero values of the capacitor current from the test rig and the simulation were attributed to losses and other second-order effects such as leg dead-time which were not included in the theoretical analysis.
To validate the findings in Section 4.1 for Q opt the values of the converter input currents i s1 and i s2 that eliminate the capacitor second-harmonic current were calculated from (12) for a range of Q levels at 1000rpm with 20Ω and 30Ω loads, corresponding to 14.5kW and 9.7kW respectively, and for adjacent (α=72) and non-adjacent (α=144) phases. The modulation indices, m 1,2 , and load angles,  1,2 , of the two-phases were calculated off-line and then programmed into the experimental system and the simulation. The calculated, measured and simulated values of the second-harmonic capacitor current magnitude, I C (2) , and the sum of squares of the phase currents,
I s1
2 +I s2 2 , are given in Fig. 9 . Again, for non-adjacent phases, only simulation and calculated results are shown. Interestingly the values of residual current tend to be at a minimum for values of Q close to zero, however, this effect is beyond the analysis in this paper, but it is not completely surprising since the total rms machine current is also minimum at this point.
Conclusions
The second-harmonic DC-side current ripple has been analysed for a multi-phase, fault-tolerant machine when only two-phases are active. Based on this analysis, expressions have been derived for the machine currents that theoretically result in zero second-harmonic DC-side current ripple.
The optimum solution which minimises the sum of squares of the machine current has been found to occur when the total reactive power of the machine back emf sources is close to zero, and furthermore the assumption of zero reactive power has been seen to be a good approximation.
Nevertheless, eliminating the second-harmonic ripple in the DC current has the penalty of increasing the machine currents significantly. The results for the five-phase generator studied here show that with non-adjacent phases active, one of the machine currents is increased by approximately 40% to eliminate the second-harmonic current.
Although the DC-side second-harmonic current is reduced to virtually zero, a significant torque ripple remains, approximately 50% of the value with no compensation, and this was attributed to the energy stored in the magnetic field of the electrical machine.
The theoretical results have been confirmed by experimental measurements and simulations on a five-phase fault-tolerant generator. A small component of second-harmonic current remained in the DC-link capacitor in the experimental and simulation results, around 20% of the original value, and this was attributed to second-order effects such as leg dead-time and system losses which were neglected in the theoretical analysis.
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